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Quantum simulation aims to simulate a quantum system using a controble laboratory system that
underline the same mathematical model. Cavity QED lattice system is that prescribe system to
simulate the relativistic quantum effect. We quantum simulate the Dirac fermion mode, Majorana
fermion mode and Majorana-Weyl fermion mode and a crossover between them in cavity QED
lattice. We also present the different analytical relations between the field operators for different
mode excitations.
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Introduction: The difficulties in observing the real
quantum relativistic effects have generated immense in-
terest in the quantum simulation physics. In recent years,
there has been increased interest in the simulation of rel-
ativistic quantum effects using different physical system
in which parameters tunibility allows access to different
physical regimes [1–11]. These difficulties of observing
quantum relativistic effects stimulate us to study the
quantum simulation physics of Dirac fermion mode, Ma-
jorana fermion mode and Majorana-Weyl fermion modes
in one dimensional cavity QED lattice and a crossover
from one mode of excitations to the another using the
tunibility of the physical parameters of the system.
In quantum simulation, one aim is to simulate a quan-
tum system using a controllable laboratory system that
underlines the same mathematical models. Therefore it
is possible to simulate a quantum system that can be
neither efficiently simulated on a classical computer nor
easily accessed experimentally.
The recent experimental success in engineering strong in-
teraction between the photons and atoms in high quality
micro-cavities opens up the possibility to use the light
matter system as quantum simulators for many body
physics [9-29]. Many interesting results are coming out
to understand the complicated quantum many body sys-
tem. A focus on the coupled cavities is one of the most
potential candidate for an efficient quantum simulator
due to the control of the microcavities parameters and
success of fabrication of large scale cavity arrays [25-26].
The concept and existence of Majorana fermion mode is
one of the most advance research area in quantum con-
densed matter system. Majorana introduced a special
kind of fermions which are their own antiparticle, i.e.,
the neutral particle [28, 29]. He introduced this particle
to describe neutrions. In recent years, there are several
candidates of Majorana fermions in quantum condensed
matter system like quantum Hall system with filling frac-
tion 5/2 [30, 31]. Kitaev first found the existence of Majo-
rana fermion mode in one dimensional model [32]. Many
research groups have already proposed the physically ex-
istence of MFs at the edge state of 1D system like elec-
trostatic defects lines in superconductor, quasi-one di-
mensional superconductor and cold atom trapped in one
dimension [33, 34]. Majorana fermions obey the non-
Abelian statics both in 2D and 1D, allowing of certain
gate operation required in quantum computation [35].
In the present study one of our goal is to predict the
presence of Dirac fermion mode, Majorana fermion mode
and Majoran-Weyl fermion mode and crossover in our
model system. In the Majorana-Weyl fermion mode, the
fermion mode satisfy the condition for particle and an-
tiparticle condition but the excitation is massless.
There are few studies to simulate the Majorana fermion
modes in cavity QED system but the model Hamiltonian
and the associate relevant physics are different and at the
same time there is no coossover study between the Dirac
and Majorana fermion modes in the literature of cavity
QED system [9-11].
The authors of Ref.3 have found the process of Dirac
to Majorana fermion converator on the surface of a 3D
topological insulator. A Dirac fermion injected by the
voltage source is split into a pair of Majorana fermion
and then finally recombine before going to drain. But in
our present study there is no such split and fusion process
of Dirac and Majorana fermion. In our study the system
is in Dirac fermion mode when only a atom-photon cou-
pling or a single Rabi frequency oscillation present in the
system and the existence of Majorana fermions when two
atom photon couplings and the two laser frequencies are
simultaneously present in the system. For a quantum
simulated Hamiltonian for Majorana fermion mode for a
specific mathematical relation between the Rabi frequen-
cies oscillation, the atom-photon coupling strengths and
the laser field detuning.
To the best of our knowledge the quantum simulation
physics for the different kind of fermionic mode in a same
cavity QED system is absent in the literature.
In the present study, we simulate two model Hamiltoni-
ans through the proper tuning of Rabi frequencies and
the atom-photon coupling strengths in the system which
2quantum simulate different modes of fermionic excita-
tions.
The Model Hamiltonian:
The Hamiltonian of our present study consists of three
parts:
H = HA + HC + HAC (1)
The Hamiltonians are the following
HA =
N∑
j=1
ωe|ej >< ej| + ωab|bj >< bj | (2)
where j is the cavity index. ωab and ωe are the energies
of the state |b > and the excited state respectively. The
energy level of state |a > is set as zero. |a > and |b >
are the two stable state of a atom in the cavity and |e >
is the excited state of that atom in the same cavity.
The following Hamiltonian describes the photons in the
cavity,
HC = ωC
N∑
j=1
aj
†aj + JC
N∑
j=1
(aj
†aj+1 + h.c), (3)
where aj
†(aj) is the photon creation (annihilation)
operator for the photon field in the j’th cavity, ωC is
the energy of photons and JC is the tunneling rate of
photons between neighboring cavities. The interaction
between the atoms and photons and also by the driving
lasers are described by
HAC =
N∑
j=1
[(
Ωa
2
e−iωat+gaaj)|ej >< aj |+h.c]+[a↔ b].
(4)
Here ga and gb are the couplings of the cavity mode for
the transition from the energy states |a > and |b > to
the excited state. Ωa and Ωb are the Rabi frequencies of
the lasers with frequencies ωa and ωb respectively.
The authors of Ref. [14–16] have derived an effective spin
model by considering the following physical processes:
A virtual process regarding the emission and absorption
of photons between the two stable states of neighboring
cavity yields the resulting effective Hamiltonian as
Hxy =
N∑
j=1
Bσj
z +
N∑
j=1
(
J1
2
σj
†σj+1− +
J2
2
σj
−σj+1−+h.c)
(5)
When J2 is real then this Hamiltonian reduces to the
XY model. Where σj
z = |bj >< bj| − |aj >< aj |,
σj
+ = |bj >< aj |, σj
− = |aj >< bj | .
Hxy =
N∑
i=1
B(σi
z + Jxσi
xσi+1
x + Jyσi
yσi+1
y). (6)
With Jx = (J1 + J2) and Jy = (J1 − J2).
We follow the references [14, 36], to present the analytical
expression for the different physical parameters of the
system.
B = δ12 − β, β is define in Ref. [37].
J1 =
γ2
4
(
|Ωa|
2
gb
2
∆a
2 +
|Ωb|
2
ga
2
∆b
2 ), J2 =
γ2
2
(
ΩaΩbgagb
∆a∆b
). (7)
Where γa,b =
1
N
∑
k
1
ωa,b−ωk γ1 =
1
N
∑
k
1
(ωa+ωb)/2−ωk
and γ2 =
1
N
∑
k
eik
(ωa+ωb)/2−ωk δ1 = ωab − (ωa − ωb)/2,
∆a = ωe−ωa. ∆b = ωe−ωa− (ωab− δ1). δa
k = ωe−ωk,
δb
k = ωe − ωk − (ωab − δ1), ωk = ωc + Jc
∑
k cosk. ga
and gb are the couplings of respective transition to the
cavity mode, Ωa and Ωb are the Rabi frequency of laser
with frequency ωa and ωb.
Quantum Simulation for Dirac Fermion mode
and Mathematical Relation Between the Fields :
Here we quantum simulate the Dirac fermion physics
through the proper tuning of cavity QED lattice param-
eters. This condition can be achieve when Jx = Jy. This
condition implies that 2J2 = 0. It is clear from the an-
alytical expression of J1 and J2 that to satisfy the con-
dition one of the atom-photon coupling strength, i.e., ga
or gb be zero or one of the Rabi frequency oscillation Ωa
or Ωb should be zero. The analytical expression for J1
become J1 =
γ2
4
|Ωa|2gb2
∆a2
or J1 =
γ2
4
|Ωb|2ga2
∆b2
. The other
condition is δ1 = 2β, i.e., 2ωab − (ωa − ωb) = 4β. There-
fore the condition for quantum simulation relates upto
the microscopic level.
In this limit the Hamiltonian reduced to
H = J
N∑
i=1
(σi
xσi+1
x + σi
yσi+1
y) (8)
After the Jordan-Wigner transformation and Abelian
Bosonization study one can write the above Hamiltonian
as [41, 43]
H0 =
∑
s
∫
dk
2π
ǫ(k)ψs
†(k)ψs(k) (9)
H0 =
∑
s
∫ Λ
−Λ
dk
2π
(kvF )(ψs,R
†(k)ψs,R(k)−ψs,L
†(k)ψs,L(k)).
(10)
Here we use ǫk = kvF near the Fermi points and
ψs
†(x) = (ψs,R†(x), ψs,L†(x)). Following the discussions
in addendum, we can write the above Hamiltonian in
the following form of Dirac equation without any mass
term.
H = 2J
∫
dxψ¯(iγ1)∂xψ (11)
3and ψ†(x) = (ψR†, ψL†). ψ¯†(x) = (ψL†, ψR†),
ψs(x) =
∫
dk
2piψs(k)e
ikx. It is customery to introduce the
Dirac matrices in Dirac equation. The γ matrices are
the following. γ0 =
(
0 1
1 0
)
, γ1 = −iσy =
(
0 −1
1 0
)
,
γ5 = γ0γ1 = σz =
(
1 0
0 −1
)
,
ψR and ψL are the fermionic field for the right and left
movers electron. The scalar field and its dual can be ex-
pressed as φ(x) = φR(x)+φL(x), θ(x) = −φR(x)+φL(x).
The detail derivation of the analytical relation between
the wave function and the scalar field are relegated to
the addendum. Here we only present the final form
Now we present the mathematical relation between the
operators, e±φ(x) and e±θ(x).
eiα
√
piφ(x1)eiβ
√
piθ(x2) = eiβ
√
piθ(x2)eiα
√
piφ(x1) sign(x2−x1)
(12)
eiα
√
piφ(x1)ψR/L(x2) = ψR/L(x2)e
iαα
√
piφ(x1) sign(x2−x1)
(13)
eiβ
√
piθ(x1)ψR/L(x2) = −ψR/L(x2)e
iβ
√
piθ(x1) sign(x2−x1).
(14)
Therefore it is clear from our theoretical analysis that
the cavity QED lattice shows the Dirac fermion like
mode when one of the atom-photon coupling ( ga or gb )
is zero or one of the applied Rabi frequencies ( Ωa, Ωb)
is zero.
Dirac Equation for Majorana Fermion mode
and Condition of Majorana-Weyl fermionic mode:
Here we quantum simulate the Majorana fermion mode
and the Majorana-Weyl fermion mode. Majorana
thought whether it might be possible for spin-1/2 par-
ticle to be its own anti-particle. To get an equation alike
to Dirac equation but capable of governing a real field
that requires the γ matrices of that equation must sat-
isfy the Clifford algebra are purely imaginary. Here we
show explicitly that the γ matrices of Majorana equa-
tion are purely imaginary and field satisfy the particle-
antiparticle equivalent condition.
We also derive the condition for the excitation of
Majorana-Weyl fermion mode where the simulated mode
shows the gapless excitation.
We consider J1 = J2, Jx become J1 + J2 and Jy = 0. In
the microcavity array, the condition for J1 = J2 achieve
when
Ωa
2gb
2∆b
2 +Ωb
2ga
2∆a
2 = 2ΩaΩbgagb∆a∆b. (15)
The above condition implies that Ωa = Ωb
ga∆a
gb∆b
. The only
constraint is that ∆a 6= ∆b, the magnetic field diverge
when ∆a = ∆b. At the same time, Ωa = Ωb and ga =
gb are also not possible because this limit also leads to
the condition ∆a = ∆b. Suppose we consider, Ωa =
α1Ωb, ga = α2gb and ∆a = α3∆b. These relations implies
that α1
2 + α2
2α3
2 = 2α1α2α3. α1 = α2α3, α1, α2 and
α3 are the numbers. These analytical relations help to
implement the transverse Ising model Hamiltonian but
α1, α2 and α3 should not be equal to 1.
The quantum state engineering of cavity QED is in the
state of art due to the rapid progress of technological
development of this field [1]. Therefore one can achieve
this limit to get the desire quantum state. One can write
the final Hamiltonian as,
HT = B
N∑
j=1
(σz(j) + λσx(j)σx(j + 1)), (16)
where λ = J1+J2B . The effective Hamiltonian become
the transverse Ising model which studied in the previous
literature [38–40].
One can also write the starting Hamiltonian as
through the rotation in spin basis
H =
∑
n
[λσz(n)σz(n+ 1) + sx(n)]. (17)
We recast the Hamiltonian in the following form because
it will help us to use the order and disorder operator
directly to the derivation of the equation of motion and
finally the Dirac equation for Majorana fermion.
Here our main motivation is to use some of important
results of this model Hamiltonian to discuss the relevant
physics of array of cavity QED system. We introduce
the order and disorder operator in the addendum
[39, 40]. These operators are defining the sites of the
dual lattice, i.e., we define the operator between the
nearest-neighbor site of the original lattice. Here we
define the Dirac spinor, χ1(n) = σz(n)µz(n + 1/2) and
χ2(n) = σz(n)µz(n− 1/2).
Now our main task is to find the equation of motion for
the operators, σ3(n) and µ3(n) which help us to build
the Dirac equation. The detail derivation are relagated
to the appendix.
The equation of motion for the σz(n) is the following:
∂σz(n)
∂τ
= [H,σz(n)] = σx(n)σz(n) (18)
The equation of motion for µz(n+ 1/2) is the following:
∂µz(n+ 1/2)
∂τ
= λµx(n+ 1/2)µz(n+ 1/2)
= λσz(n)σz(n+ 1/2)µz(n+ 1/2)(19)
(20)
∂χ1(n)
dτ
= −χ2(n) + λχ2(n+ 1). (21)
∂χ2(n)
dτ
= −χ1(n) + λχ1(n− 1). (22)
4These two fields, χ1(n) and χ2(n) satisfy the following
relations, {χ1(n1), χ2(n2)} = 2δn1,n2. One can write
down the above equation in the following compact form,
(γ0
∂
∂t
+ γ3
∂
∂r
+m)χ = 0. (23)
where χ† = (χ1, χ2) and m = 1−λα , γ
0 =
(
0 1
1 0
)
, γ3 =(
1 0
0 −1
)
.
One can also write the above Majorana equation in a
compact form:
(iγ˜µ∂µ −m)χ = 0. (24)
Where γ˜0 =
(
0 i
i 0
)
, γ˜3 =
(
i 0
0 −i
)
.
Therefore we prove that the spinor field satisfy the
Majorana condition of spin-1/2 particle and also the γ˜
matrices are imaginary.
The condition for the massless Majorana fermion field
is that m = 0, i.e., λ = 1. In this quantum simulation
process, one can get through this massless excitation
through this analytical relation.
γ2
2 (
|Ωa|2gb2
∆a2
+ |Ωb|
2ga
2
∆b2
) = ωab2 −
1
4 (ωa − ωb)− β.
We term this fermionic mode as Majorana-Weyl
fermionic mode. In this study we obtain the different
kind of fermionic modes from the quantum simulation
of the system, here there is no splitting of Dirac fermion
mode into the Majorana fermion mode or Majorana-
Weyl fermionic mode. There are no studies in the
previous literature of cavity QED where one has found
a crossover from Dirac fermion modes to Majorana
fermion modes [9-11].
Here we present the analytical relations between
the Majorana fermion operators with the order and
disorder operator with the free Dirac field in Abelian
bosonization theory. Then one obtains the following sets
of commutation relations.
σz(x1)µz(x2) = µz(x2)σz(x1)sign(x1− x2) (25)
σz(x1)χ(x2) = χ(x2)σz(x1)sign(x1− x2) (26)
µz(x1)χ(x2) = −χ(x2)σz(x1)sign(x1− x2) (27)
It is very clear from the above analytical relations that
χ1
† = χ1 and χ2† = χ2. The detail derivation is rele-
gated in the appendix. The above relation has similarity
with the free Dirac field in Abalian bosonization theory,
where Dirac field operator is a local product of two
phase exponential depending on the scalar field and its
dual [41–43], as one study the Luttinger liquid physics
in Abelian bosonization theory.
Conclusions
We have presented the existence of Dirac fermion
mode, Majorana fermion mode and also Majorana-Weyl
fermionic mode for the optical cavity array with the
relation between Rabi frequency oscillation and the atom
photon coupling strength. We have also presented the
crossover between the Dirac fermion modes to Majorana
fermion modes and also the condition for appearence
of Majorana-Weyl massless excitation mode. We have
also presented several analytical relations between the
Majorana field, order and disorder operators.
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Addendum
Dirac fermion mode and analytical relation
between fields:
One dimensional quantum mechanical system both
theoretically and experimentally has studied extensively
in last two decades with several successful explanation
for different physical systems. There are several excel-
lent research articles are available in the literature. Here
we discuss very briefly about the Luttinger liquid physics
of one-dimensional quantum many body system.
The low energy excitation of a non-interacting system.
In one dimensional quantum mechanical system consists
of Fermi points at ±kF . The low energy fermionic state
thus have momentum, k ∼ ±kF and a single particle
energy close to Fermi energy , EF .
E(k) ≃ EF + (|k| − kF )vF + ........ (29)
Here we consider the one-dimensional infinite length sys-
tem and the elementary excitations across the Fermi
points. Therefore we can write the Fermi field,
ψs(x) =
∫
dk
2π
ψs(k)e
ikx (30)
Here we consider the modes of momentum expansion in
a neighbourhood of ±kF of width 2Λ. Therefore, we can
write the fermionic field,
ψs(x) ≃
∫ Λ
−Λ
dk
2π
ei(k+kF )xψs(k+kF )+
∫ Λ
−Λ
dk
2π
ei(k−kF )xψs(k−kF )
(31)
One can write this analytical expression as,
ψs(x) ≃ e
ikF xψs,R(x) + e
−ikF xψs,L, (32)
where ψs,R(k) = ψs(k + kF ) and ψs,L(k) = ψs(k − kF ).
The free fermion Hamiltonian,
H0 =
∑
s
∫
dk
2π
ǫ(k)ψs
†(k)ψs(k) (33)
H0 =
∑
s
∫ Λ
−Λ
dk
2π
(kvF )(ψs,R
†(k)ψs,R(k)−ψs,L†(k)ψs,L(k)).
(34)
Here we use ǫk = kvF near the Fermi points and ψs
†(x) =
(ψs,R
†(x), ψs,L†(x)).
H0 =
∑∫ dk
2π
ψs
†(k)σ3kvFψs(k). (35)
H0 =
∑
s
∫
dxψs
†(x)σ3kivF∂xψs(k), (36)
where σ3 =
(
1 0
0 −1
)
. We can define scalar field (φ(x)
) and dual field (θ(x)) by the following relations
φ(x) = φR(x)+φL(x), θ(x) = −φR(x)+φL(x). One can-
write the Dirac fermion density ρ(x) = ρR(x) + ρL(x) =
− 1√
pi
∂xφx and the corresponding current density
j(x) = v(ρR − ρL =
vF√
pi
∂xθ(x). The commutattion
relation between the scalar field (φ) and its dual field
(θ).
[φ(x1), φ(x2)] = 0 = [θ(x1), θ(x2)], [φ(x1), θ(x2)] =
i sign(x2 − x1), [φ(x1),Π(x2)] = iδ(x1 − x2). Where
Π(x) = ∂xθ(x). The corresponding Lagrangian debnsity
for massless Dirac fermions is
L = iψR
†(∂t + vF∂x)ψR + iψL†(∂t − vF ∂x)ψL (37)
6Now we present the algebra of the operators, e±φ(x) and
e±θ(x).
eiα
√
piφ(x1)eiβ
√
piθ(x2) = eiβ
√
piθ(x2)eiα
√
piφ(x1) sign(x2−x1)
(38)
eiα
√
piφ(x1)ψR/L(x2) = ψR/L(x2)e
iαα
√
piφ(x1) sign(x2−x1)
(39)
eiβ
√
piθ(x1)ψR/L(x2) = −ψR/L(x2)e
iβ
√
piθ(x1) sign(x2−x1)
(40)
Analytical relations between order and disor-
der operators:
The analytical relation between the Pauli operators
and µ operators are relagated to the appendix B of
this manuscript, please put the following analytical
expression in the appendix:
µz
2 = 1 = µx
2, (41)
µz(n− 1/2)µz(n+ 1/2) = σx(n). (42)
µx(n+ 1/2) = σz(n)σz(n+ 1), (43)
µz(n+ 1/2) = Π
n
j=1σx(j). (44)
σz(n) = Π
n−1
j=0 µx(j + 1/2), (45)
[µx(n+ 1/2), µz(n
′
+ 1/2)] = 2δn,n′ (46)
[µz(n+ 1/2), µz(n
′
+ 1/2)] = 0, (47)
[µz(n+ 1/2), σx(n
′
)] = 0 (48)
The operator µz(n + 1/2) acting on the original spin
of the lattice makes a spin flip of all those spin placed
on the left hand side of spin at the site n. Therefore
µz(n+ 1/2) is a kink operator, it introduce the disorder
in the system. It is very clear from the above analytical
relation of the operators that Here we express the
analytical relation between the Majorana operators and
the disorder and Pauli operators:
χ1(n) = σz(n)µz(n+ 1/2) = −µz(n+ 1/2)σz(n) (49)
χ2(n) = σz(n)µz(n− 1/2) = µz(n− 1/2)σz(n) (50)
σz(n)χ2(n) = µz(n− 1/2) = χ2(n)σz(n) (51)
σz(n)χ1(n) = µz(n+ 1/2) = −χ1(n)σz(n) (52)
σz(n) = µz(n− 1/2)χ2(n) = χ2(n)µz(n− 1/2) (53)
µz(n+ 1/2)χ1(n) = −χ1(n)µz(n+ 1/2) = σz(n) (54)
Derivation of Dirac equation for Majorana
fermion field
The equation of motion for the σz(n) is the following:
∂σz(n)
∂τ
= [H,σz(n)] = σx(n)σz(n) (55)
The equation of motion for µz(n+ 1/2) is the following:
∂µz(n+ 1/2)
∂τ
= λµx(n+ 1/2)µz(n+ 1/2)
= λσz(n)σz(n+ 1/2)µz(n+ 1/2)(56)
(57)
Now we use the properties of the σ and µ operators to
derive the equation of motion for the Majorana fields
χ1(n) and χ2(n).
∂χ1(n)
dτ
=
∂σz(n)
∂τ
µz(n+ 1/2) + σz(n)
∂µz(n)
∂τ
. (58)
∂χ1(n)
dτ
= σx(n)σz(n)µz(n+1/2)+λσz(n)σz(n)σz(n+1)µz(n+1/2).
(59)
∂χ1(n)
dτ
= −σz(n)µz(n− 1/2)µz(n+ 1/2)µz(n+ 1/2)
+λσz(n)σz(n)σz(n+ 1)µz(n+ 1/2). (60)
∂χ1(n)
dτ
= −χ2(n) + λχ2(n+ 1). (61)
Now the equations of motion for χ2(n) are
∂χ2(n)
dτ
=
∂σz(n)
∂τ
µz(n− 1/2)
+σz(n)
∂µz(n− 1/2)
∂τ
(62)
∂χ2(n)
dτ
= σx(n)σz(n)µz(n− 1/2)
+λσz(n)σz(n− 1)σz(n)µz(n− 1/2) (63)
∂χ2(n)
dτ
= µz(n− 1/2)µz(n+ 1/2)σz(n)µz(n− 1/2)
+λσz(n− 1)µz(n− 1/2). (64)
7After a little bit of calculations and using the relation
between the disorder operators (Eq. 23-30), we finally
arrive the equation of motion of χ2(n) as,
∂χ2(n)
dτ
= −χ1(n) + λχ1(n− 1). (65)
These two fields, χ1(n) and χ2(n) satisfy the following
relations, {χ1(n1), χ2(n2)} = 2δn1,n2. One can write
down the above equation in the following compact form,
(γ0
∂
∂t
+ γ3
∂
∂r
+m)χ = 0. (66)
where χ† = (χ1, χ2) and m = 1−λα , γ
0 =
(
0 1
1 0
)
, γ3 =(
1 0
0 −1
)
.
